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ABSTRACT
We analyse the theoretical light curves of Cepheid variables at optical (UBVRI) and
near-infrared (JKL) wavelengths using the Fourier decomposition and principal com-
ponent analysis methods. The Cepheid light curves are based on the full amplitude,
nonlinear, convective hydrodynamical models for chemical compositions representative
of Cepheids in the Galaxy (Y = 0.28, Z = 0.02), Large Magellanic Cloud (Y = 0.25,
Z = 0.008) and Small Magellanic Cloud (Y = 0.25, Z = 0.004). We discuss the varia-
tion of light curve parameters with different compositions and mass-luminosity levels
as a function of period and wavelength, and compare our results with observations. For
a fixed composition, the theoretical amplitude parameters decrease while the phase
parameters increase with wavelength, similar to the observed Fourier parameters. The
optical amplitude parameters obtained using canonical mass-luminosity Cepheid mod-
els, exhibit a large offset with respect to the observations for periods between 7-11
days, when compared to the non-canonical mass-luminosity levels. The central min-
imum of the Hertzsprung progression for amplitude parameters, shifts to the longer
periods with decrease/increase in metallicity/wavelength for both theoretical and ob-
served light curves. The principal components for Magellanic Clouds Cepheid models
are consistent with observations at optical wavelengths. We also observe two distinct
populations in the first principal component for optical and near-infrared wavelengths
while J-band contributes to both populations. Finally, we take into account the vari-
ation in the convective efficiency by increasing the adopted mixing length parameter
from the standard 1.5 to 1.8. This results in a zero-point offset in the bolometric
mean magnitudes and in amplitude parameters (except close to 10 days), reducing
the systematically large difference in theoretical amplitudes.
Key words: stars: variables: Cepheids, stars: evolution, (galaxies:) Magellanic
Clouds.
1 INTRODUCTION
Classical Cepheids and RR Lyrae variables provide a
unique opportunity for a rigorous comparison of pulsation
properties from the theoretical models with observations,
leading to important constraints for the theory of stel-
lar pulsation and evolution (Cox 1980). Cepheid variables
are extensively used as standard candles in extra-galactic
⋆ E-mail: anupam.bhardwajj@gmail.com; abhardwaj@eso.org
distance determination through Period-Luminosity (P-L,
Leavitt & Pickering 1912) and Period-Luminosity-Color (P-
L-C) relations. They play a vital role in cosmic distance lad-
der for the determination of Hubble constant to a percent-
level precision (Riess et al. 2016).
The light curves of Cepheid variables with period from
about 6 to ∼ 16 days days show a bump (Hertzsprung pro-
gression, hereafter HP, Hertzsprung 1926), which varies with
period. This secondary feature appears on the descending
branch in short period Cepheids, reaches the maximum light
c© 2016 The Authors
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around a period of 10 days and shifts to the earlier phases
for periods longer than 10 days. The first quantitative study
of the light curve structure of Cepheid variables was car-
ried out by Simon & Lee (1981) using the Fourier analysis
method. Simon & Davis (1983) carried out a comparison of
the observed light and velocity curves of Classical Cepheids
with theoretical light curves and suggested that the phase
lag obtained from Fourier decomposition is most useful for
comparison with observations.
Theoretical investigations of pulsation properties of
Classical Cepheids were carried out in a series of papers
(Bono et al. 1998, 1999, 2000a; Caputo et al. 2000a,b, and
references therein). Bono et al. (1999) used the mass and
luminosities provided by stellar evolutionary calculations as
input parameters to pulsation models together with different
chemical compositions to generate theoretical light curves of
Cepheid variables and studied theoretical P-L and P-L-C re-
lations. Later, Caputo et al. (2000a) derived these relations
over multiple wavelengths and found a fair agreement with
observed Galactic and Magellanic Clouds (MC) Cepheids.
The Cepheid pulsation models and the effects of chemical
abundances on the P-L and Period-Wesenheit (P-W) rela-
tions has been a subject of many studies in the past (see,
Fiorentino et al. 2002; Marconi et al. 2005; Fiorentino et al.
2007; Marconi et al. 2013, and references therein). For ex-
ample, Bono et al. (2010) found that the slope of the P-L
relations become steeper and less dependent on metallicity,
from optical to near-infrared (NIR) bands. These studies of
the P-L and P-W relations follow classical approach of us-
ing mean light properties of Cepheid variables which, being
the average over pulsation phase, neglects various physical
features of the light curve structure.
In order to analyse the Cepheids light curves,
Bono et al. (2000a) carried out an extensive study on the
HP for Classical Cepheids and found the central period of
the progression around 11 days for models with Z=0.008
and Y=0.25, in a good agreement with the empirical value
derived using the Fourier parameters of Large Magellanic
Cloud (LMC) Cepheid light curves. Bono et al. (2002) also
used pulsation models to investigate the bump in the I-band
light curves of two Cepheids in the LMC. However, so far
no rigorous comparison of light curve parameters at multiple
wavelengths for different compositions was carried out.
Recently, we quantitatively analysed the observed
Cepheid light curves in the Galaxy and LMC at multi-
ple wavelengths using the Fourier decomposition technique
(Bhardwaj et al. 2015). We found various features in the
amplitude, phase, skewness and acuteness parameters as a
function of period and wavelength. For example, the mean
Fourier amplitude parameter values are distinctly separated
around 20 days for wavelengths longer than J vs. optical
bands. Furthermore, the central period of the HP was found
to vary as a function of wavelength and metallicity. In this
work, we present an investigation of theoretical Cepheid
light curves generated using Cepheid pulsation models and
compare them with observed light curve parameters from
Bhardwaj et al. (2015). The aim of this work is to form a
basis to explore strong constraints for stellar pulsation mod-
els by an extensive comparison of theoretical and observed
light curves.
The paper is structured as follows. We discuss the the-
oretical framework used to generate the light curves for
Cepheids at multiple wavelengths in Section 2. In Section 3,
we discuss the application of the Fourier decomposition on
the theoretical light curves and the variation of light curve
parameters with period, wavelength and metallicity. We also
compare the theoretical and observed Fourier parameters.
In Section 4, we discuss the principal component analysis
of the theoretical light curves together with the observed
light curves. We summarize our findings from this study in
Section 5.
2 THEORETICAL AND OBSERVATIONAL
FRAMEWORK
We use full amplitude, nonlinear, convective Cepheid
models to generate the theoretical light curves. The com-
puted models adopt the same hydrodynamical code and
physical and numerical assumptions as in Marconi et al.
(2013, and references therein). These models are able to
follow the limit cycle stability of both fundamental (FU)
and first-overtone (FO) models and include a non-local,
time-dependent treatment of convection to properly follow
the coupling between dynamical and convective velocities
along a pulsation cycle. For each fixed chemical composition
and mass we consider the luminosity predicted by the
canonical mass-luminosity (ML) relation by Bono et al.
(2000b) and a brighter luminosity level by 0.25 dex in order
to take into account a possible mild overshooting and/or
mass loss efficiency. For each combination of chemical
composition, mass and luminosity, we explore a wide range
in effective temperature and derive the location of both the
blue and red edge of the instability strip for each of the two
investigated pulsation modes.
Fig. 1 displays the predicted bolometric light curves
for a fixed composition and mass with different luminosity
levels and temperatures. The produced bolometric light
curves are converted into the observational Johnson-Cousins
optical (UBV RI) and NIR (JKL) filters by adopting the
static model atmospheres by Castelli et al. (1997a,b).
These transformed curves, usually adopted to derive mean
magnitude and colors, as well as pulsation amplitudes, can
be decomposed through the Fourier analysis.
We also use the observed Cepheid light curve data for
a comparison with theoretical light curves. We note that
optical, NIR and mid-infrared (MIR) light-curve parameters
of Cepheid variables in the Galaxy and LMC are taken from
Tables 2 and 3 of Bhardwaj et al. (2015). In this work, we
update the optical sample with light curve data from OGLE-
IV catalog (Soszyn´ski et al. 2015) of Cepheid variables in the
MC. The infrared data for Small Magellanic Cloud (SMC)
Cepheids are taken from VMC survey (Ripepi et al. 2016)
and Scowcroft et al. (2016). We carry out Fourier analysis of
theKs and 3.6µm-band light curves in the SMC and present
it here for the first time. Observed Cepheid data in 3.6µm-
band will be used for relative comparison with theoretical
light curves in L-band.
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Figure 1. Examples of theoretical light curves of Cepheid variables. Each column represents the predicted bolometric light curves for a
fixed composition and mass with different luminosity levels and temperatures.
Table 1. The light curve parameters for the entire grid of models for Cepheid variables with composition relative to the Galaxy and
MC. The first eight columns provide the chemical abundance, filter, stellar mass, pulsation mode, the effective temperature, the adopted
logarithmic luminosity levels and the logarithmic period for each set of models and the last column represents the mean radius in the
solar units. Other columns represent amplitude (A), Skewness (Sk), Acuteness (Ac) and Fourier parameters.
Z Y λ M
M⊙
Mode Te log
L
L⊙
log(P ) A Sk Ac R21 R31 φ21 φ31 log
R
R⊙
0.020 0.28 U 5.4 FU 5800 3.18 0.620 1.354 2.215 1.376 0.296 0.093 2.734 5.540 1.586
0.020 0.28 U 5.4 FU 5700 3.18 0.645 1.479 2.390 1.270 0.322 0.119 2.817 5.908 1.601
0.020 0.28 U 5.4 FU 5600 3.18 0.670 1.383 2.333 1.051 0.321 0.144 2.910 0.006 1.616
0.020 0.28 U 5.4 FU 5500 3.18 0.696 1.246 2.205 0.933 0.319 0.182 3.021 0.284 1.632
0.020 0.28 U 5.4 FU 5400 3.18 0.723 1.040 2.135 0.845 0.330 0.232 3.167 0.537 1.648
0.020 0.28 U 5.4 FU 5300 3.18 0.746 0.899 3.587 0.836 0.354 0.259 3.271 0.669 1.665
0.020 0.28 U 5.4 FU 5200 3.18 0.776 0.522 2.425 0.879 0.331 0.159 3.205 0.877 1.681
0.020 0.28 U 5.4 FO 5900 3.18 0.429 0.582 1.463 1.000 0.160 0.035 3.138 0.604 1.573
0.020 0.28 U 5.4 FU 5800 3.43 0.837 0.106 1.151 1.322 0.139 0.187 0.073 4.773 1.711
0.020 0.28 U 5.4 FU 5500 3.43 0.916 2.135 0.992 1.479 0.121 0.175 0.131 2.650 1.757
Notes: This table is available entirely in a machine-readable form in the online journal as supporting information.
3 FOURIER ANALYSIS
We apply the Fourier decomposition method as described in
Bhardwaj et al. (2015), to the theoretical light curves com-
puted for a wide range of metallicities over multiple wave-
lengths. We use the Fourier sine series in the following form:
m = m0 +
N∑
k=1
Ak sin(2pikx+ φk), (1)
where, x is the phase corresponding to one pulsation cycle
of the theoretical light curves. The order of fit (N) is ob-
tained using the Baart’s criteria (Baart 1982) by varying
N from 4-10. The Fourier coefficients (Ak & φk) are used
to calculate the amplitude ratios and the phase differences
(Rk1 = Ak/A1 & φk1 = φk − kφ1, for k > 1). The errors on
the Fourier coefficients resulting from the fit are only statis-
tical, and are of the order of 10−4 and therefore, will not be
considered further in our analysis. Table 1 provides the light
MNRAS 000, 1–?? (2016)
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Figure 2. The variation of the amplitude (A) as a function
of period and wavelength for the theoretical light curves of
Cepheids with metal abundance, Z=0.02, Z=0.008 and Z=0.004.
The right/left panels of the figure display the FU/FO Cepheid
models.
curve parameters for theoretical models of Cepheids with
chemical compositions characteristic of the Galaxy, LMC
and SMC. The φ31 values listed in Table 1 are converted
to cosine series by subtracting pi and restricting it between
0 − 2pi, for the continuity of HP for visualisation purposes.
Although, at NIR bands this leads to a discontinuity in the
progression, but we prefer to adopt cosine φ31 convention to
ease the comparison with observed phase parameters from
Bhardwaj et al. (2015).
We study the variation in amplitude as a function of pe-
riod, wavelength and metallicity. The amplitude is defined
as the difference of maximum and minimum magnitudes ob-
tained from the best order Fourier fit. Fig. 2 displays the
amplitudes for FU and FO Cepheids with chemical compo-
sitions representative of the Galaxy and MC. We observe
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Figure 3. A comparison of observed (black symbols) and the-
oretical (colored symbols) mean amplitudes for FU Cepheids in
the LMC.
a decrease in the peak-to-peak amplitude with increasing
wavelength for both FU and FO Cepheids. We find a sharp
increase in the amplitude parameters in the period range,
1 < log(P ) < 1.2, for optical bands as compared to infrared
bands, similar to observed amplitudes in Bhardwaj et al.
(2015). For log(P ) > 1.2, the amplitudes decrease with pe-
riod at all wavelengths. For SMC composition, a secondary
maximum occurs at log(P ) = 1.4 for FU Cepheid models.
Fig. 3 shows a comparison of observed and theoretical
mean amplitudes for Cepheids in the LMC. The mean values
are obtained using a bin-size of log(P ) = 0.1 dex and in steps
of ∼ 0.03 dex. The error bars represent the standard devia-
tion on the mean in each bin. We note that the optical (V I)
and J band mean amplitudes are systematically larger than
observed amplitudes as a function of period, except in the
vicinity of 10 days. The observed mean amplitudes range,
0.1 < A . 1.2 mag, from infrared (bottom panel) to optical
(V I , top panel) bands while the theoretical amplitudes have
a greater range upto ∼ 1.6 mag, for this wavelength range.
The K- and L-band amplitudes are consistent between the-
ory and observations in most period bins. Bono et al. (2002)
suggested that the discrepancy in theoretical amplitudes can
be decreased with increase in mixing length parameter (α).
The impact of increase in mixing length on the light curve
parameters will be discussed in the last section.
3.1 Theoretical Fourier parameters
3.1.1 As a function of stellar mass
We present the V and K-band Fourier parameters for the-
oretical light curves with different chemical compositions
(Z=0.02, Z=0.008 and Z=0.004) in Fig. 4 and 5, respectively.
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Figure 4. Fourier parameters for theoretical light curves of Cepheids in the V -band with chemical composition relative to the Galaxy,
LMC and SMC. The vertical dashed lines represent 10 day period as expected center of HP.
Theoretical Fourier parameters in other optical and NIR
bands show similar trends to V and K-bands, respectively,
as a function of ML levels. The HP is clearly observed for
R21 in the vicinity of log(P ) = 1.0 for UBV RIJKL wave-
lengths while the primary minimum in R31 occurs around
log(P ) = 0.9. These amplitude parameters show a sharp rise
around 1.0 < log(P ) < 1.2 in optical bands. The φ21 and φ31
parameters also suggest the center of HP around a period
of 10 days. The scatter in amplitude parameters is least in
NIR bands and increases for shorter wavelengths.
We show the different stellar mass models with different
colors in these plots. For galactic models, we find that the
amplitude parameters for short and long period Cepheids
show different progression for a fixed mass at optical bands.
The amplitude parameters decrease with increasing mass at
short period end, but increase with mass at the long period
end. However, no distinct trend is observed for period range
close to the center of HP. Furthermore, R21 and R31 dis-
play a larger scatter in optical for lower metallicity models.
The scatter reduces in NIR but no distinct variation with
adopted ML levels is seen, presumably due to small am-
plitudes. Moreover, larger mass leads to a decrease in the
phase parameters at a given period for all wavelengths and
metallicities, specifically in φ21 parameters. The progression
in φ31 is more evident in the optical bands, due to break in
the HP at NIR wavelengths, on account of 0−2pi restriction
on phase parameters. We also note a secondary minimum
in the R21 parameters around log(P ) ∼ 1.3 which shifts to
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Figure 5. Same as Fig. 4 but for K-band.
earlier periods in case of R31 and is more pronounced for
lower metallicity models.
3.1.2 As a function of wavelength
We over-plot the Fourier parameters for optical and infrared
bands with different colors and symbols in Figs. C1 and C2
for Galaxy and MC Cepheid models, respectively, to com-
pare directly the variation as a function of wavelength.
Following Bhardwaj et al. (2015), we use sliding mean
calculations to examine the dependence of the Fourier pa-
rameters on wavelength and metallicity, simultaneously.
Since the theoretical Fourier parameters do not have errors
on the individual data points and exhibit less scatter, we
use reduced step size of log(P ) = 0.02 dex and a bin width
of 0.1 dex to estimate moving averages. We also estimate
the standard deviation of the mean in each step as a rep-
resentative statistical error on the theoretical mean Fourier
parameters.
Fig. 6 displays the variation of the mean Fourier pa-
rameters as a function of period and wavelength for metal-
licity, Z=0.02, Z=0.008 and Z=0.004. We observe a decrease
in amplitude parameters and an increase in phase parame-
ters as a function of wavelength. The amplitude parame-
ters systematically increase from Galaxy to MC for short
period Cepheid models. For longer period Cepheids, R21
increases sharply from log(P ) = 1 to reach a peak value
around log(P ) = 1.2 before secondary minimum occurs
around log(P ) = 1.3. This secondary feature is more pro-
MNRAS 000, 1–?? (2016)
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Figure 6. Multi-wavelength mean Fourier parameters for the theoretical light curves of Cepheids with chemical compositions relative to
the Galaxy, LMC and SMC. The error bars represent the standard deviation on the mean. Some of the cosine φ31 parameters are offset
by 2pi, and excluded from 0-2pi restriction, only for plotting purposes.
nounced for lower metallicity models and, at optical wave-
lengths than for the redder bands. Similar separation is also
seen in the observed amplitude parameters in the Galaxy
and the LMC around 20 days (Bhardwaj et al. 2015). This
may suggest a possible resonance at log(P ) = 1.3 and these
changes in the light curve structure can be related with ob-
served non-linearity in P-L relations at similar periods in
Bhardwaj et al. (2016a,b). The largest separation for R21
occurs between optical and NIR bands around log(P ) = 0.8
for the Galaxy and log(P ) = 0.9 for the MCmodels. The R31
shows a minimum before and after 10 days with a peak value
at log(P ) = 1.0 for the Galaxy and closer to log(P ) = 1.1
for the MC. However, no significant difference is seen in
R31 for wavelengths shorter and longer than J-band, around
log(P ) = 1.2, as observed for R21. The mean phase param-
eters exhibit a systematic separation at all wavelengths for
the Galaxy and MC models and the center of HP occurs
in the vicinity of 10 days. The mean φ21 parameters for
Galactic light curves are nearly constant in optical bands
for log(P ) > 1.2.
3.1.3 As a function of metal abundance
In Fig. 7, we compare the theoretical mean Fourier param-
eters for FU Cepheids as a function of metal abundance in
V IK bands. We find that the metal-rich Galactic models
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Figure 7. A comparison of the theoretical mean Fourier parameters for FU Cepheids with different compositions.
have significantly different Fourier parameters compared to
metal-poor MC Cepheid models in most period bins. For
log(P ) < 1.0, there is a distinct trend in amplitude parame-
ters with R21 and R31 increasing with decreasing metallicity.
In case of the phase parameters, the value of φ21 decreases
with metallicity for log(P ) < 1.0 while it increases with de-
creasing metallicity for log(P ) > 1.1. The progression is not
clear close to the center of HP and for low metallicity MC
Cepheid models. The φ31 parameters also provide evidence
of a decrease with metal abundance for most period ranges,
except for log(P ) > 1.2.
It is also evident that the center of HP occurs at longer
periods with decreasing metallicity. We fit a polynomial
through mean R21 in the period range 0.8 < log(P ) < 1.2
and obtain the minimum value of the functional fit. The
center of HP is found to be at log(P ) = 1.030 ± 0.011 dex
for the Galaxy, log(P ) = 1.092 ± 0.015 dex for the LMC
and at log(P ) = 1.077 ± 0.010 dex for the SMC at optical
(V I) bands. In case of K-band, the central period shifts to
log(P ) = 1.046±0.009 for the Galaxy, log(P ) = 1.103±0.016
for the LMC and at log(P ) = 1.108±0.014 for the SMC. The
difference in central period for MC Cepheid models is not
significant, given their statistical uncertainties. The central
period of HP for the Galaxy is in excellent agreement with
observed value using optical R21 in Bhardwaj et al. (2015).
Similarly, the value of the central period for the LMC is
consistent within 3σ with observations in V IK bands. This
confirms the shift in central period of HP to longer periods
with lower metallicity, and also with longer wavelengths in
case of R21 (Bhardwaj et al. 2015). We do not observe any
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Figure 8. A comparison of the theoretical and observed V -band Fourier parameters for FU Cepheids in the Galaxy, LMC and SMC.
Canonical represents luminosity levels adopted from stellar evolutionary calculations while non-canonical represents brighter luminosity
levels by 0.25 dex.
significant trend with metallicity in amplitude parameters
for Cepheids having periods greater than 10 days.
3.2 Comparison of theoretical and observed
Fourier parameters
We compare the Fourier parameters of the theoretical V IK-
band light curves with observed V IK-band Fourier parame-
ters for the Cepheid light curves in the Galaxy and MC. The
comparison of the optical band Fourier parameters is more
rigourous as the observed NIR light curves are not as well
sampled as their optical counterparts. The observed opti-
cal V and I band Fourier parameters are very accurate and
exhibit least error (Bhardwaj et al. 2015).
Figs. 8 and 9 display the Fourier parameters of the the-
oretical and observed light curves of FU Cepheids in the
Galaxy and MC in V and I-band, respectively. We also plot
the canonical and non-canonical ML models in different col-
ors. For Galactic data, the theoretical amplitude parameters
follow the observed progressions with a marginal offset at
the long period end (log(P ) > 1.1). In case of φ21, the theo-
retical and observed progressions are consistent while theo-
retical φ31 are significantly larger for short period Cepheids
(log(P ) < 0.9). In case of the MC, R21 andR31 are systemat-
ically larger in theory at the short period end (log(P ) < 1).
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Figure 9. Same as Fig. 8 but for I-band Fourier parameters. The points within the green circle in R21 are selected as subset of models
showing large offset with respect to observations.
It is evident that the non-canonical ML models follow the
observations while the canonical models are inconsistent in
the overlapping period range (0.8 < log(P ) < 1.1). There-
fore, R21 plane does seem to differentiate between the canon-
ical and non-canonical ML models. Furthermore, the offset
between theory and observations increases with decreasing
metallicity in this period range. For log(P ) > 1.1, there is an
agreement for R21 between theory and observations. How-
ever, R31 is inconsistent in most period ranges and the cen-
tral minimum is not well defined for both theoretical models
and observations. Similarly, there is a small offset for φ21 and
φ31 at the long period end (log(P ) > 1.2). At present, we
have a lack of models for FU Cepheids with log(P ) < 0.6.
Fig. 10 displays the Fourier parameters of the theoreti-
cal and observed light curves of FU Cepheids in the Galaxy,
LMC and SMC in K-band. Since, the K and L-band theo-
retical light curves exhibit very similar Fourier parameters,
we also include the more precise 3.6µm-band Fourier param-
eters for Cepheids in the Galaxy and MC. We do not find any
large offset in amplitude parameters with respect to observa-
tion at this wavelength. However, long-period (log(P ) > 1.2)
Cepheid models do show an offset for lower metallicity mod-
els but it is not conclusive, given the large scatter in Fourier
parameters at longer wavelengths. The φ21 parameters are
consistent over entire period range and the φ31 parameter
shows a greater offset for short-period range Cepheid mod-
els, similar to optical-band data.
Most of the theoretical models withM > 6.0M⊙ are re-
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Figure 10. Same as Fig. 8 but forK-band (dots) and 3.6µm-band (diamonds) observations compared toK-band canonical/non-canonical
models.
sponsible for the large R21 values for 0.8 < log(P ) < 1.1 in
the LMC (see, Fig. 9). These models differentiate the canon-
ical set of models from the non-canonical in the overlapping
period range. However, we note that these outliers in the R21
plane are reasonably consistent with observations in case of
other Fourier parameters. We investigate the possible cause
of discrepancy for this particular group of models having
large offsets. Their parameters are listed in Table 2 for LMC
and SMC. In Fig. 11, we plot the variation of Fourier param-
eters with temperature and period for the Cepheid models
in the LMC. We find that the models which are outliers in
R21, with log(P ) < 1.1, have relatively lower temperatures,
5100 6 T < 5400 as compared to non-canonical Cepheid
models. We select a pair of models in R21 which have simi-
lar periods but different parameter values. It is evident that
other Fourier parameters for these two models are consis-
tent and the discrepancy is only in R21. The light curves of
these models are shown in the top right panel of Fig. 11. The
light curves of the models with a large offset in R21 plane
show a bump around the maximum value. This suggests that
the theoretical models produce bump Cepheid progressions
but with a larger secondary amplitude when compared to
the observations. We note that the pair of light curves has
different adopted ML relations and effective temperatures.
We also display two observed light curves with similar pe-
riod and R21 values on the bottom right panels of Fig. 11.
We find that the light curve structure in theory and obser-
vations show similar features around maximum light. This
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Figure 11. The variation of I-band Fourier parameters with temperature at a given period for LMC Cepheid models. The selected
models (within black circles) in R21 plane represent the different parameter values with similar periods and the top right panel displays
the difference in their light curves and adopted ML relations. The bottom right panels show the observed light curves with similar period
and R21 values as that of the selected pair of Cepheid models.
can also allow us to provide an initial estimate for the ML
levels and temperatures for the observed Cepheids and will
be investigated in a future work through machine-learning
methods.
4 PRINCIPAL COMPONENT ANALYSIS
We also studied the Cepheid light curve structure using
principal component analysis (PCA) method as an inde-
pendent probe with respect to Fourier analysis. The PCA
method is very useful to differentiate small features in the
light curve structure of an ensemble analysis. The appli-
cation of principal component analysis method to variable
star light curves is discussed in detail in Kanbur et al.
(2002); Kanbur & Mariani (2004); Tanvir et al. (2005);
Deb & Singh (2009). This method transforms the original
correlation matrix of magnitudes obtained from light curves
to a new set of elementary light curves and principal compo-
nent coefficients. Let us consider a sample of n light curves
such that mi represents the ith light curve with p number
of data points per light curve, then:
Xij =
mij −mi
si
√
(n)
, (2)
is a n× p matrix of normalised magnitudes with 1 < j 6 p.
Also, mi is the mean magnitude of the light curve and si
represents the standard deviation on the mean. Since the
theoretical light curves are generated with multiple phase
cycles, we interpolate these light curves to obtain p = 100
magnitudes between phase 0 and 1. The correlation matrix,
Cjk =
1
n
n∑
i=1
XijX
i
k, (3)
measures the relationship between jth and kth data points
averaged over all stars in the sample. We want to construct
a Cepheid light curve as a linear combination of elementary
light curves such that:
m(i) =
p∑
l=1
PCl(i)E
l
i, (4)
where, PCl(i) are the principal components and E
l
i are the
elementary light curves. These elementary light curves and
their coefficients are determined using the input C matrix.
The Eli are orthogonal to each other and given by the so-
lution of the eigenvalue equation, CE = λE. The solution
provides a set of eigenvectors Eli and their corresponding
eigenvalues λl. The percentage of total variation that can
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Table 2. The model parameters for MC Cepheid models which do
not match with observations on the Fourier R21 plane at optical
wavelengths.
Z M
M⊙
log L
L⊙
log(P ) MV Te log
R
R⊙
R21
0.008 5.8 3.35 0.859 -3.476 5300 1.750 0.513
0.008 5.8 3.35 0.886 -3.448 5200 1.767 0.521
0.008 6.0 3.40 0.865 -3.628 5400 1.759 0.469
0.008 6.0 3.40 0.892 -3.602 5300 1.775 0.558
0.008 6.0 3.40 0.920 -3.573 5200 1.792 0.575
0.008 6.2 3.45 0.846 -3.797 5600 1.752 0.458
0.008 6.2 3.45 0.872 -3.776 5500 1.768 0.451
0.008 6.2 3.45 0.899 -3.753 5400 1.784 0.480
0.008 6.2 3.45 0.926 -3.727 5300 1.800 0.565
0.008 6.2 3.45 0.954 -3.699 5200 1.817 0.615
0.008 6.4 3.49 0.846 -3.917 5700 1.756 0.484
0.008 6.4 3.49 0.871 -3.898 5600 1.772 0.462
0.008 6.4 3.49 0.898 -3.877 5500 1.788 0.452
0.008 6.4 3.49 0.924 -3.853 5400 1.804 0.474
0.008 6.4 3.49 0.951 -3.827 5300 1.820 0.551
0.008 6.4 3.49 0.979 -3.799 5200 1.837 0.622
0.008 6.4 3.49 1.006 -3.767 5100 1.854 0.538
0.008 6.6 3.54 0.854 -4.061 5800 1.766 0.488
0.008 6.6 3.54 0.880 -4.043 5700 1.781 0.492
0.008 6.6 3.54 0.906 -4.024 5600 1.797 0.464
0.008 6.6 3.54 0.932 -4.003 5500 1.813 0.438
0.008 6.6 3.54 0.958 -3.979 5400 1.829 0.462
0.008 6.6 3.54 0.986 -3.953 5300 1.845 0.531
0.008 6.6 3.54 1.014 -3.924 5200 1.862 0.644
0.008 6.6 3.54 1.042 -3.892 5100 1.879 0.608
0.008 6.8 3.58 0.880 -4.162 5800 1.786 0.475
0.008 6.8 3.58 0.905 -4.144 5700 1.801 0.485
0.008 6.8 3.58 0.932 -4.124 5600 1.817 0.455
0.008 6.8 3.58 0.958 -4.103 5500 1.833 0.425
0.008 6.8 3.58 0.985 -4.079 5400 1.849 0.446
0.008 6.8 3.58 1.012 -4.053 5300 1.865 0.519
0.008 6.8 3.58 1.040 -4.024 5200 1.882 0.662
0.008 6.8 3.58 1.069 -3.992 5100 1.899 0.554
0.004 5.4 3.35 0.849 -3.487 5400 1.735 0.599
0.004 5.4 3.35 0.874 -3.465 5300 1.750 0.665
0.004 5.6 3.40 0.853 -3.635 5500 1.744 0.478
0.004 5.6 3.40 0.880 -3.612 5400 1.760 0.612
0.004 5.6 3.40 0.907 -3.588 5300 1.777 0.683
0.004 5.8 3.45 0.833 -3.799 5700 1.738 0.492
0.004 5.8 3.45 0.887 -3.760 5500 1.769 0.474
0.004 5.8 3.45 0.913 -3.738 5400 1.785 0.599
0.004 5.8 3.45 0.940 -3.713 5300 1.802 0.721
0.004 6.0 3.50 0.815 -3.958 5900 1.733 0.536
0.004 6.0 3.50 0.841 -3.943 5800 1.748 0.537
0.004 6.0 3.50 0.866 -3.925 5700 1.763 0.495
0.004 6.0 3.50 0.920 -3.886 5500 1.794 0.461
0.004 6.0 3.50 0.947 -3.863 5400 1.810 0.574
0.004 6.0 3.50 0.974 -3.838 5300 1.827 0.752
0.004 6.0 3.50 1.003 -3.811 5200 1.843 0.640
0.004 6.0 3.75 1.166 -4.412 5100 1.983 0.474
0.004 6.2 3.55 0.851 -4.086 5900 1.757 0.541
0.004 6.2 3.55 0.877 -4.070 5800 1.772 0.542
0.004 6.2 3.55 0.928 -4.033 5600 1.803 0.410
0.004 6.2 3.55 0.953 -4.014 5500 1.818 0.440
0.004 6.2 3.55 1.010 -3.965 5300 1.851 0.836
0.004 6.6 3.64 0.908 -4.311 5900 1.804 0.521
0.004 6.6 3.64 0.935 -4.297 5800 1.817 0.535
0.004 6.8 3.69 0.945 -4.439 5900 1.827 0.461
0.004 6.8 3.69 0.968 -4.421 5800 1.844 0.479
0.004 6.8 3.69 0.998 -4.406 5700 1.857 0.414
0.004 6.8 3.69 1.078 -4.343 5400 1.904 0.476
Table 3. The first 10 eigenvalues (λ) and their cumulative per-
centage (C.P.) of variance resulting from PCA analysis to : (A)
multiwavelength theoretical light curves of Cepheids with compo-
sition, Z=0.02 Z=0.008 and Z=0.004 (B) theoretical and observed
light curves at optical wavelengths in the Galaxy, LMC and SMC.
A B
PC λ C.P. λ C.P.
1 52.7828 52.7869 45.6006 45.6056
2 17.0784 69.8666 21.6212 67.2292
3 11.5115 81.3790 10.5966 77.8270
4 6.2954 87.6749 7.8642 85.6920
5 4.0331 91.7083 4.1406 89.8330
6 3.0631 94.7716 3.4460 93.2794
7 1.3955 96.1672 1.7380 95.0176
8 1.0315 97.1987 1.4948 96.5126
9 0.8680 98.0668 1.1251 97.6379
10 0.5596 98.6265 0.8645 98.5025
be accounted by λl is given by λl/
∑
l
λl. We can project
each light curve on the eigenvectors such that,
PCl(i) =
p∑
j=1
XijE
l
j . (5)
If we consider all p solutions of the eigenvalue problem
then we can reproduce the light curve using equations 4 and
5. If we assume that first q principal components are suffi-
cient to reproduce the light curve of original p data points,
then we have a reduced (n × q) matrix. Since, the major-
ity of light curve information is contained in first few prin-
cipal components, this method is very useful for reducing
dimensionality in astronomical data analysis. We note that
the Fourier decomposition method requires each star to be
fitted individually for an optimum order of fit. Therefore,
PCA method can be used to perform an ensemble analysis of
large catalogues, provided the light curves are preprocessed
to similar dimensions.
4.1 Multiwavelength principal components
We carried out a PCA analysis on the ensemble of theoreti-
cal light curves for BVRIJKL wavebands and for Cepheid
models with Z=0.02, 0.008 and 0.004, representative of the
Galaxy, LMC and SMC. Table 3 lists the first ten eigenvalues
and their cumulative percentages for a PCA analysis to the
multiband theoretical light curves of Cepheid variables. In
order to observe the variation of principal components with
wavelength we use sliding mean calculations as discussed in
previous section. Fig. 12 displays the variation of the mean
of first four principal components as a function of period
and wavelength for different chemical abundances. We find
that first principal component shows two separate popula-
tions for optical and NIR wavelengths. The KL bands are
distinct from optical bands for the first principal component
plots in all three galaxies. The J-band contributes to opti-
cal bands at shorter periods and shifts to KL population for
longest periods. The first principal component shows a clear
resonance feature at 10 days (Antonello 1994; Kanbur et al.
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Figure 12. Multi-wavelength mean principal components for the theoretical light curves of Cepheids with chemical compositions relative
to the Galaxy, LMC and SMC. The error bars represent the standard deviation on the mean.
2002; Deb & Singh 2009) at optical wavelengths. The reso-
nance feature in principal components varies at NIR wave-
lengths, reflecting an offset to earlier periods as compared to
optical wavelengths. Similar resonance feature is also seen in
second and third principal components. The first principal
component also provide evidence of an increase with wave-
length at optical bands for compositions relative to all three
galaxies. Similar progression is also seen in the fourth princi-
pal component. However, no clear variation with wavelength
is observed in case of the second and third principal compo-
nents.
We also plot the mean of the first three principal com-
ponents for compositions relative to the Galaxy, LMC and
SMC in V IK-bands in Fig. 13. For short period (P < 10
days) Cepheids, the principal components increase with de-
creasing metallicity with a more pronounced progression for
second principal component. This is similar to Fourier am-
plitude parameters. This progression is not observed at the
long period ends. In case of K-band, the Galactic models
with P > 10 days occupy a different sequence in second
principal component with respect to their lower metallic-
ity counterparts in the MC. The third principal component
show a decrease with metallicity for short period Cepheid
models in K-band.
We also compare theoretical and observed principal
components at optical wavelengths as we did for Fourier pa-
rameters with observed I-band data from OGLE IV. The
PCA is performed on the observed and theoretical light
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Figure 13. A comparison of the mean principal components for FU Cepheids with different compositions.
curves simultaneously and the eigenvalues are listed in Ta-
ble 3. Fig. 14 displays the first three principal components
for the theoretical and observed I-band light curves for FU
Cepheids in the Galaxy, LMC and SMC. We find a large
offset between theory and observations in the first princi-
pal component for the Galactic Cepheid models, specifically
for periods greater than 10 days. These are non-canonical
set of models in the Galaxy, in contrast to the large offset
in R21 parameters for canonical models in the MC. Further,
the short period canonical set of Galactic models also show a
minimal offset for all principal components. The MC models
are overall consistent with observations for first three princi-
pal components. Both the theoretical and observed principal
components show similar resonance feature around 10 days.
The third principal component shows a greater scatter at
long period end for lower metallicity Cepheid models.
5 DISCUSSION AND CONCLUSIONS
We studied the light curve parameters for the theoretical
light curves of Cepheid variables as a function of period,
wavelength and metallicity and compared those with ob-
servations. The motivation for performing a detailed quan-
titative comparison between observed and theoretical light
curves is to provide strong constraints on stellar pulsation
codes that incorporate stellar atmosphere models to produce
Cepheid light curves in multiple bands.
We find that theoretical amplitudes are systematically
larger than the observed amplitudes at optical wavelengths.
One important variable that can affect amplitudes in the-
oretical models is the adopted mixing length parameter. It
is well known that convection plays an important part in
stellar pulsation, particularly at the red edge, where it acts
to damp down growing perturbations by leaking energy out
of the ionization zones around maximum compression. In-
creasing the mixing length parameter increases the average
length over which gas pockets can transfer energy from hot
to cool regions and, will act to increase the efficiency of con-
vection and damp down pulsations. Thus, this parameter is
very likely to lead to lower theoretical amplitudes.
Fig. 15 displays the result of increasing the mixing
length parameter from 1.5 to 1.8 for a series of models with
LMC composition covering the period range 0.6 6 log(P ) 6
1.5. We clearly see a decrease in the theoretical amplitudes
sufficient to bring them into closer agreement with observa-
tions. There is very little change in the Fourier phase pa-
rameter values, especially for log(P ) < 1. In case of φ31,
there were two branches for log(P ) > 1.15 with α = 1.5.
This unrealistic feature is no longer visible with α = 1.8.
Most importantly, the large discrepancy in R21 parameter
with respect to observations is solved with increased mixing
MNRAS 000, 1–?? (2016)
16 Bhardwaj et al.
0.8 1.0 1.2 1.4
log(P)
-0.2
0.0
0.2
PC
3
PC
3
0.8 1.0 1.2 1.4
log(P)
-0.2
0.0
0.2
0.8 1.0 1.2 1.4
log(P)
-0.2
0.0
0.2 Observed     
Canonical    
Non-canonical
0.8 1.0 1.2 1.4
log(P)
-0.2
0.0
0.2
PC
2
0.8 1.0 1.2 1.4
log(P)
-0.2
0.0
0.2
0.8 1.0 1.2 1.4
log(P)
-0.2
0.0
0.2
0.8 1.0 1.2 1.4
log(P)
-0.4
-0.2
0.0
0.2
PC
1
Galaxy
0.8 1.0 1.2 1.4
log(P)
-0.4
-0.2
0.0
0.2
LMC
0.8 1.0 1.2 1.4
log(P)
-0.4
-0.2
0.0
0.2
SMC
Figure 14. A comparison of the theoretical and observed I-band principal components for FU Cepheids in the Galaxy and MC.
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Figure 15. A comparison of the theoretical light curve parameters with different mixing length parameter for metal abundance, Z=0.008.
The grey dots represent observed parameters in I-band for OGLE LMC Cepheids.
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length. This does not cause a significant change in ampli-
tudes very close to 10 days but the R21 values for models
with log(P ) > 1.2 are also decreased. However, increasing
this parameter also causes a zero-point offset in bolomet-
ric magnitudes, for example, the zero-point of the I-band
period-luminosity relation is shifted. This may lead to a
bias in distance estimates with theoretical P-L relations,
depending on the choice of mixing length parameters (see,
Fiorentino et al. 2007, for a detailed discussion). These ef-
fects of varying various input parameters with wavelength
and metallicity will be the subject of future studies.
Another important result of this paper is the poten-
tial of this method to discriminate between canonical and
non-canonical models. A major discrepancy between theory
and observations occurs in the R21 parameter for periods
between 0.8 6 log(P ) 6 1.1, for the LMC and SMC with
α = 1.5. These models are all canonical ML models. In con-
trast, the non-canonical models agree very well with obser-
vations in terms of this Fourier parameter. This is true for all
three galaxies in both V and I-bands. We have shown that
this discrepancy can be solved with higher mixing length.
Alternatively, we can also change a different parameter for
the canonical models, for example, decreasing the mass and
adopting brighter luminosity levels. Bono et al. (2002) and
Fiorentino et al. (2007) have shown that increasing mixing
length narrows the width of the instability strip as the red
boundary gets bluer. So, there is change towards hotter tem-
peratures which can be responsible to overcome the large
offset in R21, as we had shown that the discrepant Cepheid
models have relatively lower temperatures.
Some recent studies have used multidimensional hydro-
dynamical simulations to study the convection and a relation
to mixing length theory (for example, Mundprecht et al.
2013, 2015; Magic et al. 2015; Salaris & Cassisi 2015). Even
if the adopted nonlinear models include a non local time-
dependent treatment of convection, a free parameter related
to the mixing length is adopted in the code in order to close
the nonlinear system of dynamical and convective equa-
tions. According to some authors (see, Mundprecht et al.
2013, 2015) a 2D approach is needed to perform a more
realistic simulation of the complex coupling between pul-
sation and convection. On the basis of these simulations,
even if our adopted convective flux formulation is in better
agreement with the 2D results than other 1D formulations
in the literature (see, Mundprecht et al. 2015, for details),
some phase-dependent corrections might be needed in order
to properly follow the evolution of the pulsation-convection
coupling along the pulsation cycle.
A more detailed study can provide very stringent
constraints discriminating between canonical and non-
canonical ML relations used in stellar pulsation and inform
how different parameters affect the changes in light curve
structure. Given that these ML relations are based on stellar
evolutionary calculations with differing input physics, this
method has the potential to constrain both theories of
stellar evolution and pulsation.
We summarize the results from this study as follows:
• We use full amplitude, nonlinear, convective hydrody-
namical models to generate Cepheid light curves with chem-
ical compositions representative of the Galaxy and Magel-
lanic Clouds. We use Fourier decomposition and principal
component analysis methods to analyse the structure of ob-
served and theoretical Cepheid light curves and discuss the
variation with period, wavelength and metallicity.
• We find that the theoretical amplitudes in optical bands
are systematically larger than the observed amplitudes over
the entire period range except in the vicinity of 10 days.
The theoretical amplitudes can be decreased by increasing
the mixing length parameter. This causes a zero-point off-
set in amplitude parameters, except close to the center of
Hertzsprung progression, and in bolometric mean magni-
tudes.
• Higher mass Galactic Cepheid models lead to an in-
crease in amplitude parameters for period greater than
10 days. A decrease in phase parameters with increasing
mass is observed for all wavelengths and metallicities. For
a fixed composition, the Fourier amplitude parameters de-
crease with increasing wavelength while the phase parame-
ters increase as a function of wavelength at a given period,
similar to observed Fourier parameters.
• The R21 parameter shows a large offset with respect
to observations for short period (0.8 6 log(P ) 6 1.1)
Cepheid models at optical wavelengths. This discrepancy
occurs for canonical sets of models with masses greater than
M > 6.0M⊙ and relatively lower temperatures in the range
5100 6 T < 5400. We note that the non-canonical mass-
luminosity models display consistency with observations for
this period range. Adopting a higher mixing length resolves
this discrepancy as it shifts the red edge of the instability
strip to hotter temperatures.
• Theoretical mean R21 parameter also exhibit a sharp
rise around 20 days for wavelengths shorter than J as com-
pared to longer wavelengths, similar to amplitude parame-
ters for observed light curves (Bhardwaj et al. 2015). The
variation of mean Fourier parameters as a function of pe-
riod and wavelength is consistent for both theoretical and
observed light curves in most period bins, except for R31.
• We also observe two separate populations in the first
principal component for optical and near-infrared bands
with J-band contributing to both populations. The first
principal components also show a clear resonance effect
around 10 days at all wavelengths. The optical-band prin-
cipal components for Magellanic Clouds Cepheids show a
consistency between theory and observations but the first
principal component displays a greater offset for Galactic
Cepheid models.
• The mean R21, R31 parameters and the first two prin-
cipal components provide evidence of an increase with de-
creasing metallicity for log(P ) < 1. Further, the mean
phase parameters also show the metallicity dependence with
φ31 decreasing as a function of metallicity in most period
bins. We also confirm that the central minimum of the
Hertzsprung progression shifts to the longer periods with
decrease/increase in metallicity/wavelength for both theo-
retical and observed light curves.
Incorporating the quantitative information about light
curve structure provided by Fourier fitting and PCA, we
have detailed observational constraints on Cepheid light
curve structure as a function of period, wavelength and com-
position. It is also possible to compare these with a smooth
grid of models through modern machine learning methods
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(Bellinger et al. 2016) and obtain star by star estimates of
M , L, Teff , X and Z, together with robust error estimates.
This will be the subject of future work. We also demon-
strate the need for more model calculations at short period
(log(P ) < 0.8) end. The majority of observations with the
greatest dispersion also lie shortward of this period cut and
this also needs a further investigation.
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APPENDIX A: ASYMMETRY IN CEPHEID
LIGHT CURVES
We also discuss the asymmetry in the Cepheid light curves
using skewness and acuteness parameters. The skewness is
defined as the ratio of the phase durations of the descend-
ing branch to the rising branch. The acuteness quantifies
the ratio of phase duration for the magnitudes fainter than
median light to the brighter than median light (Bono et al.
2000a; Bhardwaj et al. 2015). Fig. A1 displays the variation
of skewness and acuteness parameters as a function of period
and wavelength for the theoretical light curves of FU and FO
Cepheids with Z=0.02, Z=0.008 and Z=0.004. The optical
and NIR populations are well separated in these skewness
and acuteness planes. The skewness and acuteness parame-
ters as a function of period also display different behaviour
in optical with respect to NIR wavelengths. They attain a
value close to unity at longer wavelengths suggesting the
light curves are more symmetric, sinusoidal and flat-topped.
At optical wavelengths, FU Cepheids with shorter pe-
riods have larger skewness in MC Cepheid models than
the Galaxy, suggesting that theoretical light curves exhibit
more left/right asymmetry for lower metallicities. The larger
acuteness value for longer period Cepheids suggests that
their light curves exhibit top/bottom asymmetry, for all
compositions. Acuteness decreases with increase in wave-
length for long period Galactic Cepheid models and this
trend becomes less pronounced for lower metallicity models.
FO Cepheid models show a smaller skewness and a larger
acuteness values for MC Cepheid models. We recall that the
observed skewness and acuteness parameters also show a
decrease with increasing wavelength and Cepheids with 10
days periods attain a value close to unity (Bhardwaj et al.
2015).
APPENDIX B: FOURIER INTERRELATIONS
The high quality light curve data in the near-infrared is not
available for Cepheids in the literature to determine very
precise Fourier parameters. Although, there are some dis-
crepancies between theoretical and observed light curve pa-
rameters, specifically at the short period end, there is an
overall consistency in the variation of theoretical Fourier
parameters with period and wavelength. Therefore, we de-
rive the Fourier interrelations (for example, in Ngeow et al.
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Figure A1. The variation of the skewness (Sk, left column) and acuteness (Ac, right column) parameters as a function of period and
wavelength for the theoretical light curves of Cepheids with metal abundance, Z=0.02, Z=0.008 and Z=0.004. The right/left panels in
each column display the FU/FO Cepheid models.
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Figure B1. The Fourier interrelations from I-J bands with chem-
ical compositions, Z=0.02.
2003) to obtain the Fourier parameters in various bands.
The following equations :
Rλ221 = α+ βR
λ1
21 , R
λ2
31 = α+ βR
λ1
31 , R
λ2
41 = α+ βR
λ1
41 ,
φλ221 = α+ βφ
λ1
21 , φ
λ2
31 = α+ βφ
λ1
31 , φ
λ2
41 = α+ βφ
λ1
41 ,
where λ1 < λ2, provide transformations for Fourier parame-
ters between different wavelength bands. We derive separate
set of equations for the chemical compositions relative to the
Galaxy, LMC and SMC. The results are listed in Table B1.
A representative plot of the Fourier interrelations from I-J
bands with chemical compositions relative to the Galaxy is
shown in Fig. B1. The optical interrelations show a strong
correlations between Fourier parameters while there is more
scatter in near-infrared bands. The internal dispersion in-
creases for higher order phase parameters but we note that
most characteristic features of the light curves are stored in
the lower order Fourier parameters.
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Table B1. The Fourier interrelations in multiple bands for Galactic, LMC and SMC models.
λ1 − λ2 FP Z=0.02 Z=0.008 Z=0.004
β α σ β α σ β α σ
V−I R21 0.989±0.009 -0.004±0.005 0.011 0.997±0.006 -0.012±0.004 0.011 0.975±0.011 -0.014±0.007 0.020
R31 1.024±0.006 -0.004±0.002 0.007 1.000±0.006 -0.003±0.002 0.006 0.973±0.010 -0.005±0.004 0.009
R41 0.979±0.005 0.002±0.002 0.003 0.967±0.003 0.003±0.001 0.002 0.915±0.006 0.006±0.002 0.004
φ21 1.008±0.003 0.255±0.006 0.037 1.000±0.007 0.336±0.015 0.080 1.036±0.015 0.289±0.030 0.122
φ31 1.002±0.003 0.478±0.007 0.059 0.987±0.005 0.596±0.012 0.105 0.992±0.008 0.692±0.022 0.175
φ41 1.002±0.003 0.670±0.008 0.071 0.993±0.005 0.784±0.013 0.119 1.007±0.012 0.923±0.029 0.214
I−J R21 0.865±0.018 0.016±0.010 0.021 0.909±0.013 -0.001±0.008 0.024 0.854±0.021 0.002±0.013 0.037
R31 0.989±0.009 -0.004±0.003 0.010 0.921±0.008 0.000±0.003 0.009 0.888±0.015 -0.002±0.007 0.015
R41 0.997±0.006 -0.002±0.002 0.004 0.898±0.006 0.004±0.002 0.004 0.812±0.014 0.009±0.006 0.009
φ21 1.019±0.013 0.485±0.030 0.191 1.016±0.017 0.415±0.036 0.194 0.999±0.021 0.496±0.045 0.194
φ31 1.008±0.010 0.921±0.028 0.236 1.007±0.012 0.822±0.030 0.269 1.020±0.015 0.857±0.037 0.301
φ41 0.980±0.013 1.388±0.034 0.314 0.972±0.015 1.259±0.039 0.339 0.974±0.022 1.351±0.054 0.397
J−K R21 0.588±0.030 0.023±0.015 0.031 0.596±0.031 0.016±0.017 0.052 0.570±0.041 0.021±0.023 0.063
R31 0.595±0.010 0.008±0.004 0.010 0.608±0.017 0.003±0.007 0.018 0.556±0.029 0.003±0.012 0.026
R41 0.629±0.008 0.002±0.003 0.005 0.544±0.014 0.008±0.005 0.009 0.426±0.025 0.015±0.009 0.014
φ21 0.859±0.011 1.245±0.025 0.158 0.897±0.024 1.093±0.054 0.293 0.763±0.031 1.515±0.070 0.307
φ31 1.071±0.011 1.396±0.027 0.241 1.069±0.017 1.345±0.041 0.332 1.061±0.018 1.148±0.043 0.327
φ41 1.040±0.016 2.189±0.036 0.283 0.992±0.015 2.201±0.036 0.285 0.956±0.016 2.111±0.040 0.282
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Figure C1. Multi-wavelength Fourier parameters for the theoretical light curves of Cepheids with metal abundance, Z=0.02. Some of
the φ31 parameters are offset by 2pi for plotting purposes. The models with log(P ) < 0.5 represent the FO Cepheids. We applied 2.5σ
clipping of a 5th order polynomial-fit in individual bands before plotting, for the ease of visual inspection of different progressions. This
procedure removes only a few extreme outlier Cepheid models on the Fourier plane.
APPENDIX C: MULTIBAND THEORETICAL
FOURIER PARAMETERS
Figs. C1 and C2 display the multiwavelength Fourier pa-
rameters for theoretical light curves of Cepheids in the
Galaxy and Magellanic Clouds, respectively.
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Figure C2. Same as Fig. C1 but for metal abundance, Z=0.008 (top) and Z=0.004 (bottom). The right/left panel in each column
displays the FU/FO Cepheid models.
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